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An iw~stigation is made of the possiile Emory irr simpft: ~t~~r~t~d ~~~t~~ns for solute f’i~x across both no~-$ic~n~ and 
siwing porous membnnes that can result from variations in the membrane structure. Derailed structrrr3ii models sre used, 
beginning with 3 membrane consisting of a panllel amy of pores and progesin, * te series-pamfkl combinaaions of pat& 

szgxnmts of various lengtt~ and cross-section;lil are;1s, with internal cross connections among pow segments Slowed. It is 
shown that there rue both upper and lower mathemzitical bounds on the po%ibIc variations that can be produced in ;t cuwc 
of s&tte flrtx v~mcs VQWTK flow by arbitrary variation in the membrane stntciure. subject only to certain general cwditbns~ 
In particular, the flux equation for a homaporous membnne is a ICRWX bound. The ma?cimum devtritions from this lower 
bound for a membrane of arbitrary structwe are on& ~ad~~t~l~ large, and require rather extreme pore Site di~tr~b~t~o~~~ 
most distniutlons intraduce only small errors. Implicxtiorrs of these: results in studies of real membmnc structure and in 
the design of expetiments we discued. 

En a ~r~~d~ng paper [I] we have discussed the 
range of applicability of equations for describing com- 
bined diffusion and convection across membranes, and 
shown that it is not In general possibie ta write an ex- 
act equation for solute flux without more information 
on membrane structure than is contained in the usual 

three overall parameters. In this paper we in~e~i~~~e 
the entorg in simple transport equations that can arise 
from varizltions in the membrane structure, and show 
that there are d&n& bo s on the ~~a~c~~~~es irx+ 
traduced, subject to certain general conditions. Some- 
what surprlsingiy, the maximum recelative deviations 
from ~o~o~oro~ behavior result only from rathtr 
bizarre pore size distributions, and are only madetate- 
ly large; most distributions introduce only small etmrs 
Emplicztions of these results in studies of real mem- 
branes are d&cussed. 

Our results are based on one fundamcnta1 assump- 
tion and one rest~c~ion on mernb~~e pore geomet~. 
The assumption is that the transport insid: the mem- 
brane can be treated as ane-dimensional in a locaily 
averaged sense. The restriction is that for sieving mem- 
branes, pore geometry must not be such as to cz~use 
internal concentration polarization at any solute-re- 
jecting interface. In sach cases we cannot ~~~abl~s~ er- 

zor bounds without more detailed knowledge of mem- 
brane structure, and D’Arcy”s Iaw daes not hold for 
the volume flow. 

We begin with a very simple rn~~~~an~ca~ model of 
a membrane consisting of a parallel array of non-siev- 
ing pores, and then buifd up more complicated mcm- 
brane ~eornet~~s by series-p~&el c~rn~i~af~~~s of 
pore segments of various lengths, cross-sectiona\ areas, 
and sieving coefficients. Finally we allow intern31 cross 
~nnect~ons among pores, so that the model h~p~fuI~~ 
embodies sufficient geometric complexity to mimic 
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;;tructures of real membranes_ We discuss only con- 
electrolyte solutions consisting of one solute and one 
solvent, and consider only the steady state. 

2. Heteroporous open membranes: Parallel affays 

For simplicity we consider the membrane to con- 
sist of a parallel array of separate pores, each wit% its 
o.vn crdss-sectional geometry along its entire length. 
All pores are open to the given solute; that is, they do 
not sieve the solute, nor can osmosis result from a 
solute concentration difference across any pore. 

The solute flux den&v js(o across a pore of any 
particular type i at the steady state is given by the in- 
tegrated equation, 

e xp (i$,P/.Pi) - 1’ 
where j$’ is the voIume flux density, c, is the solute 
concentration, and Pi is the diffusive permeability co- 
efficient, equal to the solute-solvent diffusion coeffi- 
cient in the pore divided by the effective pore length. 
The solute concentrations at the entrance and exit of 
the pore are c; and CT, and dc,- c;’ - c;. The measur- 
ed solute flux density across unit area of the whole 
membrane, J,, is related to $)by 

(22) 

where fzj is the number of pores of type i per unit 
membrane area, and Ai is the area of a pore of type I: 
The sum runs over all types of pores that are com- 
pletely open to solute ad solvent; thus ~i”iAi does 
not necessarily equal a unit area since there may be 
regions of the membrane totally impermeable to 
solute and solvent. Combining ects. (1) and (2) we ob- 
tain 

J~=c; CniAiJ$‘-ACdc, C 
niAi jam 

i i exp(j$'/Pi)-1 _ 
(3) 

We note that the measured volume fiux density, Jv, 
is given by 

Jt_ = CniAij$' , 
i 

(4) 

so that the first term on the right-hand side of eq. (3) 
could be replaced by the measurable quantity ciJV _ 

But the second term cannot be simply expressed, nor 
GUI it be evaluated without knowledge of “i, Ais Pi 

and j$‘. It thus appears that we cannot write a simple 
integrated flux eo-‘ation for a heteroporous membrane 
without considen >. 2 information about the mem- 
brane structure_ However, it turns out that the sum- 
mation of the second term can usually be replaced by 
a single term to a good approximation, and defiite 
bounds can be placed on the resulting error. 

Consider first the special case of a homoporous 
membrane, for which eq. (3) does reduce to a simple 
form. The j$) are then a11 equal, as are the Pi, which 
can be written in terms of an overall permeability co- 
efficient, P, = Zi ni AiPi. Then eq. (3) reduces to 

J,o = c;JV - 
4JV 

exp(Jv/P&-l ’ 
(5) 

where the superscript O designates the homoporous re- 
sult for open membranes. This equation is identical 
with the result from irreversible thermodynamics if 
the reflection coefficient, u. of the latter is set to zero_ 
An interesting question is now as follows: how good 
(or how bad) is JF as an approximation to the true 

J, of eq. (3)? The coefficient P, for a heteroporous 
membrane would of course be determined experimen- 
tally by measurement of J, in the pure diffusion 
where all &) are zero, for which eq. (3) becomes 

limit, 

J, = - AC, C PIi A i Pi = - AcSPS- (6) 
I 

We shall show that J, 2 J,” at any given values of 
ci, ci, and JV ; that is, the curve of Jz versus JV is a 
lower bound for all possible curves of Js versus JV 
(with the same CL and ~3, obtained by varying the 
pore size distribution. 

It is convenient to use dimensionless variables, de- 
fined as follows: 

Q_ z i&Q/p z i* (7) 

fli 3 Pi Ai Pi/P,+ (8) 

Y=f_/c;P,. (99) 

We may consider Ui as a statistical variable and the pi 
as weight factors, and define Q as an average of Cci with 
these weight factors, 

00) 
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Note that Zi/Ti = 1. Simitarly, if we detiie a function 

O(oi) as 

4 
t$(fQ=&&? -- ( %- 

c; exp(uj) -1 ) ’ 
then we see from eq. (3) that Y is the average of +(o$ 
with A as weight factors, 

From eq. (5) we see that Y” is 

yO~J,ojcp,= a-2 Q , 
CS ( 1 e---l 

(13) 

where a is given by eq_ (10). That is, Y” is a function 
of a with the same Functional form as 9, 

Y” =@[(oi>f- (14) 

In other words, in comparing Y with I0 we are com- 
paring the average of a function Of Qi with the func- 
tion of the average of ai. These two averages are relat- 
ed through a mathematical theorem known as Jensen’s 
inequality [2]. 

In its simpIest form, Jensen’s inequality states that 
the average of a Function of a set of variables xi is al- 
ways greater than or equal to the function of the avet- 
age of xi, provided only that the function Of Xi is 
everywhere concave upward (second derivative posi- 
tive). The set of xi may be continuous or discreet and 
any set of non-negative weighting factors may be 
chosen to define the averages. As a simple example we 
might consider the function expxi, with a set of xi = I, 
3,5,6 and with unit weight factors. Then (expxi) = 
: Eiexpri= 143_7,andexpti&=exp[$ ~iXi]=42_5, 
and we see that Jensen’s inequality is followed, since 
(expx$> expC.x$. The function @(qj considered 
here is everywhere concave upward provided that 
dc,=c;- ci < 0, as ilhrstrated in fig. 1 and can easiiy 
be proved analytical.ly, so Jensen’s inequality applies, 

(1% 

06) 

UPPER BOUND 
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” 
I UPPER BOUND 

Fig. 1. Solute flux versus volume in dimensionless form. show- 
ing bounds for membrane heteroporosity. The curve for a 
hetemporous membrane of any pore-size distribution must lie 
within the indicated regions. The lower bound curve is given 
by the equation for a homoporous membrane. The dimension- 
less variables are Y = Js/cps and Q = J&P,. and the concentra- 
tion difference illustrated is - AC&; = CU. 

That is, the homoporous result is a lower bortrtd to 
the exact but impractical result given by eq. (3) or 
eq. (12). If we can also find an upper bound for Y, 
then we can establish the maximum error possible 
when Y” (or J,“) is used as a flux equation for hetero- 
porous membranes. 

An upper bound in the region cx > 0 can be deter- 
mined from the behavior of Y for (Y + 0 and a + -, 
and by noting that Y is always concave upward be- 
cause it is a sum of everywhere concave-upward func- 
tions @(ai) multiplied by positive numbers pi. First we 
consider the case where all the ai become large. Then 
the second summation in eq. (12) becomes negligible 
and Y+ a; thus the slope dY[da of the curve of Y 
versus CY approaches unity For large a. Next we con- 
sider the other end of the curve, where all oi -CO. 
Then the exponential in eq. (12) can be expanded to 
show that Y becomes linear in CC, 

(17) 

This is the equation of a straight line whose intercept 
is --AC&~ and whose slope is (c; f ci)/2c;, which is 
less than unity since ci > cI_ Thus the curve of Y 
versus CC must start at Y = -AC&~ with a positive 
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slope less than unity, and must eventually reach a con- 
stant slope of unity, irrespective of the values of pi 
and hence independent of the nature of the pore dis- 
tribution. Furthermore, Y must always remain con- 
cave upward. We conclude from these statements that 
Yversus (Y must always Lie 6&w a straight line pas- 
sing through Y = -Ac& at Q = 0 and having a slope 
of unity. That is, in the region cc >, 0, the upper bound 

on Y is the straight line, 

Y =a - AC&;, 08) 
as shown in fig. 1 _ Thus to find the maximum possible 
error in using Y* to approximate Y for Q > 0, we 
must maximize the function 

Y- YO 
- = 

Y 

(1% 

wi;h respect to Q at a given AcJc:_ The condition for 
a maximum turns out to be 

eLx_,a ,2_,!5 ( 4. 4 
I 

+7+2 +y+1=0. ) GO) 

5 cs 5 

Values for non-zero roots of this equation, and the 
corresponding mslximum relative errors calculated ac- 
cording to eq. (I9), are given in table 1 for several 
values of -Ac,/c;. The brgesr possible relative error 
that can occur if the homoporous flux equation is 
used for heteroporous membranes is Seen to be 23% 
which occurs at clr = 1.793 for -Ac,/c~ = I (i.e., for 
ci=O). At smalIer values of -Ac,/c~ the maximum re- 
lative error decreases. 

For negative values of (Y, Le., when the bulk flow 
J V is directed against the concentration diiference, 
the lower bound for Yis still Y” but now the upper 
bound is the straight line 

Y = [et/c;] a -A@; = [I + AC&~ Q -AC&& (21) 

as shol.vn in fig. I_ Here c;/c; = 1 f A.& is the limit- 

ing slope obtained from eq. (I 2) when ail the &i are 
large but negative. The difference between the upper 
and lower bounds is now 

y- yo= -7(1-z)- 
A relative error calculation analogous to eq. (19) is not 

Tabable 1 
Maximum po&ble relative errors from use of the homoporous 
flux equation for a heteroporous membrane 

-a+; 

0 
0.2 
O-4 
0.6 
0.8 
1.0 

hfax. (Y-Y”)/Y = 
hi3x.a = Jv+JIP, hfax. [J,-J,o] /Js 

0 0 
0.935 0.070 
1.251 0.121 
1.472 0.163 
1.647 0.195 

1.793 0.230 

reasonable here, since the upper-bound straight line for 
Y crosses the a-axis at a! = AC&~ and the relative er- 
ror wouid become infmite. However, the maximum 
absolute error, Y- p, will still be -Ac,.c~, the same 
as it was when 01 was positive- 

An example of a pore distribution that would re- 
sult in a true solute flux equation approximateIy the 
same as the upper bound line for a> 0, eq. (18), is a 
few large pores (designated by 1) and a large number 

of small pores (designated by 2). In such a case most 
of the open area of the membrane consists of small 
pores, but most of the volume flow is through the 
large pores. For a numerical example suppose 95% of 
the open area is small pores, so that /32 = 095 and 
@t = 0.05 if we assume all Piare equal. Suppose that 
the radii of the two sets of pores are such that at any 
given pressure difference across the membrane one 
large pore carries 1000 times as much volume flow as 
one small pore, so that aI = 1CIOO a2. Then direct nu- 
merical computation with eq. (12) shows that the true 
Y(Q) curve is never more than about 5% below the 
upper bound straight line. That is, the flux Js for a 
membrane with a few relatively large pores will quick- 
ly deviate from the homoporous approximation and 
become linear in J, . 

Although the above example shows that the upper 
bound can be approached, the pore-size distribution 
involved is rather special. A more reasonable distriiu- 
Con, at least for synthetic membranes, is one falling 
off smoothly from some most probable pore size. 
Since a sharply peaked distriiuticn of this type appro- 
aches homoporosity, we choose as an extreme exam- 
ple a flat distribution such that each size pore repres- 
ents the same total open membrane area as any other 
size pore (i.e., “iAi = constant). For this example we 
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also assume that the pore area increases linearly with 
the index number i designating pore type, Ai= i up to 
the maximum size at i =N. and that all the diffusive 
permeability coefficients Pi are the same. We further 
suppose that the volume flow through any pore type 
follows Poiseuille’s law, so that j$) = Ai, and that the 
distribution is smooth enough that summations can be 
replaced by integrations_ Although this set of assump- 
tions probably corresponds to no real membrane, it 
serves to indicate the magnitude of the deviations from 
the lower bound that one might expect for heteropor- 
ous membranes with a smooth unimodal dispersion of 
pore sizes_ On applying these assumptions to eq. (12) 
and carrying out some straightforward mathematical 
manipulations, we obtain, for -AC& = 1, 

Y=Q&J -g. 
0 

(23) 

This integral is not an elementary one, but does corre- 
spond to one of the tabulated Debye functions [3] _ By 
direct numerical computation we find that the maxi- 
mum deviation of eq. (23) from the lower bound, Y”, 
is less than 4%. Thus the homoporous approximation 
will be quite accurate for many types of heteroporous 
membranes. 

3. Heteroposous sieving membranes: Parallel arrays 

There is controversy over the form of the flux 
equations for diffusion and convection across (presum- 
ably) homogeneous membranes that are partially im- 
permeable to a given solute_ However, for the present 
purpose we will accept as correct for transport across 
a single pore the integrated flux equation as given by 
Patlak et al. [4] : 

ip(r-o-) AC 
JS -w = j$== (l_+; _ exp[#(l-‘0 )/i-1 -1’ (24) 

i 1 
where oi is the reflection coefficient for pore i. which 
also appears in the volume flux density equation, 

Jo’ = - L~9 (Ap - oi Arr). (25) 
Here I$) is the hydraulic conductivity coefficient, Ap 
is the pressure difference across the pore, and A?r is 
the osmotic pressure due to a solute concentration dif- 
ference that would er5st across the pare if the pore 
were totally impermeable to the salute. 

The exact fiux equation is obtained, as before, by 
summing eq. (24) over all pores, but now we cannot 
use Jensen’s inequality to prove that the homoporous 
form of the resulting flux equation is a lower bound. 
The reason is that the sum ~i”iAii:l) (1 -ai) does not 
equal J,( 1 -u), where u is the reflection caefficient 
observed for the whole membrane, and we must slight- 
ly modify the procedure used for open membranes in 
order to find a lower bound. The difficulty is related 
to the fact that the Onsager reciprocal relation does 
not necessarily hold in an overall sense for a heteropor- 
ous membrane, although it holds for each individual 
pore. Onsager reciprocity requires srricr homogeneity 
or locality, and a heteroporous membrane is not homo- 
geneous in this strict sense, as discussed in a preceding 
paper. It is not always appreciated how strict this re- 
quirement of locality can be. As an extreme example, 
the usual extension of Enskog’s dense gas theory to 
mixtures [S] was recently found to violate Onsager re- 
ciprocity because of the failure of locality by only a 
fraction of a molecular diameter [6,7] _ That is, the 
contact point between two rigid spheres does not lie 

halfway between their centers if the spheres are of 
different size, and this is the source of the trouble in 
mixtures of different size spheres. 

It is again convenient to use dimensionless variables: 
we use the same defmitions Of pi, Y, and @(ai) as given 
by eqs.(S), (9) and (11). respectively. but redefine of 
as 

aCi~~~~(l--Oj)/f-- I (26) 

The exact solute flux equation is then found to be 

= <@(Ctj)), (27) 

which differs from the result for open pores only in 
the defmition of aj _ The essential difference arks in 
the expression to be used for a = (ai)* 

To fmd an explicit expression for CK that can be 
used in Jensen’s inequality we write 

(I! ~ (Qi) = F PiQi = JvIP, - C,~iAij~‘~i/p*. (38) 
i 

Now if we accept 

JV = - Lp (Ap - uAx). (29) 
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as a correct expression for observed overall volume 
flux density, as weU as the operational definition of o, 
then the observed hydraulic conductivity for the array 
of parallel pores is 

and the observed reflection coefficient is 

a= C”iA,L~‘*i/L,. (31) 
i 

With these expressions we can evaluate the summation 
on the right-hand side of eq. (28) for a; replacing&’ 
in eq. (28) by its equivalent from eq. (25) and using 
eqs. (30) and (3 l), we obtain 

(32) 

where 

g= [Ap -[<r+/a2] uA~~lf(Ap - aAn), (33) 

(34) 

Thus a is given by 

a = J, (1 --gWs, (35) 

and the lower-bound approximate equation for Y is 

where the supercript s designates the result for sieving 
membranes. Notice that g = 1 for AZ< Ap (dilute solu- 
tions or high pressures), and also for a homoporous ar- 
ray with all Ui identical (so that (4 1 = 2). In these 
cases Ys reduces to the homoporous result of non- 
equilibrium thermodynamics, name!y eq. (24) with 
the index i deleted. 

The factor g defmed by eq. (33) is in principle an 
observable quantity for sieving membranes. Expand- 
ing Ys about Jv = 0 and rearranging the resulting 
linear equation, we obtain 

1, =G (ci +c~)Jv(l-ga) - PsAcs. (37) 

This result is of course identical with that obtained by 
expanding each $I about j$> =0 in eq. (24) and sum- 
ming over all pores. The factor g cc&d be determined 
from eq. (37) by performing experiments over the 

same range of small fV but with several different MU- 
es for Aa, the coefficient o being found independent- 
ly fro-m eq. (29)_ The value of g so obtained could 
then be used in Ys to approximate the behavior at 
higher volume flows. Since g depends on (C&/C?, it 
would give some information about the pore-size dis- 
tribution of the membrane. Comparison of eqs. (29) 
and (37) shows that g+ 1 represents a breakdown of 
the Onsager relation for the overall membrane, because 
the requirement of sO-& homogeneity is not met. In 
this connection it is interesting to note that eq_ (37) 
differs from the result obtained by expanding the 
overall equation of Patlak et al., which yields 

J,=+ (+c;)fv(I--o)- P,&,, (38) 

in which the factor g does not appear. 

Once a has been evaluated according to eq. (35), 
the remaining mathematical analysis proceeds as for 
the open membrane. In particular, the upper bound 
for positive Q is the straight line, 

Y = a - Ac,fck, (39) 

and the maximum relative error in using eq. (36) to 
approximate the true Y is 23%. Similarly, the upper 
bound for negative (Y has the same form as eq. (21) 
for the open membrane_ 

Note that heteroporous sieving membranes require 
four, rather than three, overall parameters in order to 
establish rigorous accuracy bounds, namely Ps, LP, o, 
and g. Only three would be needed if Onsager reciproc- 
ity held. 

4_ Open pares in series 

We consider now the integrated solute flax equation 
for a single independent pathway consisting of n open 
pores in series, as shown in f -2. Each segment i has 
its particular values of $I, j@, and Pi _ Boundary con- 
ditions are such that ci = cl, the solute concentration 
at the entrance to pore 1; c2 is the concentration at 
the end of pore I and the beginning of pore 2; and so 
forth until c,,~ = ci, the concentration at the end of 
the last pore. We shall show that the solute flux equa- 
tion for such a series-pore model is exactly the same as 
for a single unifol-m pore. 

At steady state the total solute flux. Q,, and the 
total volume flux, QV, must be the same in each pore 
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-I 
-- c:=c, 

I - 
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2 d- -- --_-c 
2 

---- -- ----- 
J 

et c. 

Fig. 2. Open-pore segments in series, with no internal concen- 
tration pokrizdtion. 

@lj 
The flux through any pore segment i is obtained from 
eq. (1) as 

Qvc=i+l-“i) es =Qvci-eXp(Q~/AiPi)-l ’ (42) 

whrch can be solved for ci+l to yield 

=i+l = Ci e&i - [eai - I ] [Q&v), (43) 

where O[i =i~~fPi = QvlAi Pi, as previously defined in 
eq. (7). We wish to eliminate algebraically all the inter- 

mediate concentrations ci, leaving only the concentra- 
tions at the boundaries, cl and +I_ From eq. (43) 
we obtain 

c2 = cl cur - [e”r -11 ]Qs/QV], 

cj =c2 eQ2-- tea2 -1 I IQs /Qv 1 

=q e”*fu*-~Qs/Q~l ealtQz f IQs/Qvl. 
whence by induction it is easy to prove that 

n 

Cntl= Cl exp ( ) C Qi 
i 

- iQ,/Qvl exp ($ai) f fQ,/Qvl - Cf4 

This can be rewritten, with cz = ci and c,,, = cz, as 

Q,=Q,c:- 
Qv E;-c;l 

exp(ZZr ,i)-l_ 
(45) 

This is of the same mathematical form as the corre- 
sponding expression for a single uniform pore; all that 
is needed to prove mathematical identity of the two 
expressions is a suitable identification of Zy ai_ 

Since X7 Cui represents the effect of diffusion in 
eq- (45), we identify it with measurable quantities by 
passing to the pure diffusion limit, Qv + 0, 

Q~=-Qv~~ $ai=-ks /T; (IIPiAi). (46) 
/ 

Let the “measured” area of the pore be A ; the observ- 
ed permeability, P,, would then be defined by 

Qs=-APsAs,. (47) 

Comparing eqs_ (46) and (47) we find 

lIAP, = c (lIA;P,), 

or 

i 
(48) 

&~=Qv F(l/AiPi)=Qv/APs= JvfP,- (49) 
i 

Thus the solute flux equation for a pathway consisting 
of open pores in series is identical with that for a 
single uniform pore. It is trivial to show that a similar 
result holds for the volume flux, since the equations 
are linear; that is, 

Qv =A-$, 4~. 60) 

5. Sieving pores in series 

For this case the situation is considerably more com- 
plicated than for open pores, since solute may be reject- 

ed (sieved) at the entrance to each pore segment. As a 
result, solute concentration at the end of one segment 
will not necessarily equal solute concentration on the 
inner side of the entrance to the following segment _ 
I?&& et al. (4) have analyzed this problem in great de- 
tail for two sieving membranes in series. We focus at- 
tention here on some results which, although not new, 
are needed to complete our discussion of heteroporous 
membranes. 

For simplicity we consider only two segments hav- 

ing reflection coefficients crl and 02, respectively_ The 
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upstream concentration is fixed at ci, the downstream 
concentration fiied at cl, and the concentration c2 at 
the end of segment 1 depends on the conditions of 
the experiment. We write eq_ (24) for each pore seg- 

ment , 

QS 
-=c:(l--o*) - 

(l-u1) cc2 -c;> 
Qv @!__I ’ 

QS ---=cc2(I-u~)- 
G-a*)@:- cz) 

Qv eQ2_1 ’ 

cm 

(53) 

where 

“i = Qv (1 --ai)fAi Pi _ (54) 

Eliminating c2 between eqs. (52) and (53), after some 
rearrangement we obtarn 

Qs/Qv =(l-al)(l-u2)~c~-c~e-Q1-4~] (55) 

f X [(l--02)[1-e-Q1] t(l-~l)e-Q1~l-e-L+2]]-i_ 

There does not seem to be any simple form, such as 

Ys of eq. (36), that can be used to approximate this 
Q,. To illustrate the difficulties involved, we imagine 
the first segment to be open (0, = 0) and only the 
second segment to have sieving properties (a2 + 0), 
and compare the behavior of this series model with the 
corresponding parallel model of an open pore and a 
sieving pore_ In the limit of low volume flows (QvdO), 
both models exhibit pure diffusion and thus behave 
similarly. However, at high volume flows (Q, -t-) 
eq. (55) gives the limit 

whereas the limit for the parallel-pore model accord- 
ing to eq. (36) is (assuming AT < LIP) 

Q,=c:O-@Qv. (57) 

That is, for an open pore preceding a sieving pore in 
series, there is rzo sieving at the high flow limit, in con- 

trast to the existence of sieving at the same limit for 

one open and one sieving pore in parallel. Thus the 
series array behaves like an open membrane at very 
low and very high Qv+ but behaves as a partially sieving 
membrane at intermediate Q, _ It does not seem pos- 
sible to carry throqb an analysis for zny series array 

of segments with different reflection coefficients sim- 
ilar to the analysis for parallel arrays. At any rate, 
we have been unable to establish any useful or lower 

bounds for a general series array. It is unlikely that 

one simple integrated solute flux equation can be 
found that can be used in general as an approximation 
to the exact equation for a series of sieving pores. 
Even the volume flow equation behaves in a compli- 
cated manner. As the pressure difference across a 
series array is increased, the increasing internal con- 
centration polarization sets up an increasing osmotic 

pressure opposing the applied pressure, and Qv does 
not increase linearly with Ap. However, this somewhat 
gIoomy prospect may be brightened to some extent by 
lloting that lateral diffusion within a membrane having 
interconnected pores may often relieve the effects of 
internal concentration polarization. 

6. Interconnections of pores 

Very complicated structures can be built up by 
internally cross-connecting a series-parallel array of 
pore segments of various lengths and cross sections. A 

mathematical analysis of such structures would at fust 
sight seem impossible, but we shall show that the same 
bounds hold for them as hold for the simpler strut- 
tures considered thus far, provided of course that no 
internal concentration polarization occurs and that we 
can use a one-dimensional treatment in each pore seg- 
ment_ 

Because pores in series obey the same equations as 
a single uniform pore, we first note that every non- 
branching segment in the structure can be replaced by 

c; =c, ---_ --_ 

I 
--- ---_c 

2 

--- --- : - !Ilfl+K 

---- ---_ 
;llotlrC’ 

c’; =c* c: =c, 

(al (b) 

Fig- 3. Schematic d&ram of a membrane with internally con- 
nected prJre segments_ In this special case the internal junc 
tions are Iumped together so tit each junction is connected 
to at most two other junctions; this is equivaIent to a serie.c 
array of submembranes. as shown. 
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an equivalent uniform pore segment_ This first step in 

the analysis removes from consideration all non-uni- 
formities OF cross section between intemaf junction 

points. We also note that unequal pore lengths are sim- 

ply absorbed into the individ~~ Pi - 
We next consider an apparently special case with 

the junction points lumped together as shown schema- 
tically in fig. 3a. The characteristir: property of this ar- 
rangement is that each junction paint is connected by 
pore segments to al mtlsr two other junction points_ 
Inspection shows that this is equivalent to a series ar- 
sliy of s~~rn~mb~nes~ each subrn~rnb~~e ~on~sting 
of a parallel array of pore segments, as shown in fig. 3b 

The spam between the subm~rnbr~~~s are imagined 
to be sufficiently well stirred to maintain the concen- 
trations uniform at the values corresponding to the 
junction points.. It is now fairly st~i~tfo~ar~ to 
prove that the same bounds on Js versus JV hold for 
this series array of submemb~ues as haid for a single 
membrane. Without going into mathematical details, 
we can give thr: gist of a proof as f0110ws. Compare 
the given array with a similar array consisting af 
homoparous s&membranes, each homoporous sub- 
memb~e having the same permeability coef~cient 
as its corresponding heteroporous in the original array. 
The flux equation for the whwte ~~mo~oro~ array is 
then obviously given by the previousfy-abtained lower 
bomzd, eq_ (t3)_ In the initial linear regime of very 
low J,, both membrane arrays behave the same, be- 
cause of the choice of permeability caeficients. Now 
as.&, is increased into &e nonlinear regime, Js tends 
to increase more for a heteroporous submembrane 
than for a hQ~~~~~~us one, with the result that the 
overall .Js for the heteroporous array can only be mgre 

than that for the ~~~0~~~0~s array, (The f;lct that 
the inteimediate concentrations Cj between the sub- 
membranes b~~~rne ~if~~r~nt at higher Jv for the two 
arrays does not affect the sign of this inequality.) 

us the h~mopor~us array gives a lower bound for 
the solute flux through the heteroporous array, and 
we have the same lower bound as before. The same 

upper bound as before, eqs_ (18) and (2 I), can also be 
shown to hold- We note that J, + ci Jv as JV 
the h~tero~oro~ array, and then the ar~ume 
ceeds exactly as for the single membrane. 

The finat step in the general proof is to show that 
any interconnected pore structure can be reduced to 
the foregoing special case of a series array of submem- 
branes. We shall give an explicit ~~rn~nstrat~~~ of this 
for the simple case of two parallel pores connected by 
one internal shunt, as shown in fig.4a; the extension 
cc the proof to more elaborate structures should then 
be ohv~o~_ fn fig.ili> the membrane is red~~vn sche- 
rnaticaIly to emphasize the junction points. This struc- 
ture apparently differs in a fundamental way from the 
previous one shown in fig_ 3a, for Iwo of the junction 
points are each cannected to three other junction 
points. However, it simple ~u~struct~~~ shows that tfre 
two structures are in a sense equivalent. Suppose the 

~on~ntrati~~ at the upper ~nte~al junction point is 
c2; there is then some point in the parallel pore that 
also has the concentration tZ, and we pass a hypc>the- 
tical plane through these two points as shown in figs- 
4a and b. Similarly, we pass another hypotheticzd 

plane through the points of ~n~~ntr~ti~n CJ? the con- 
centration at the 1 r internaf junction point. These 
two planes Divide membrane structure into three 
submembranes as shown in fig.4~. It should be recog- 
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tied that this is not entirely the same as the special 
case of fig. 3. The pressures at the points of equ2l con- 
centration are not necessarily equal, and we could not 
connect these points physically without altering the 
flow through the membrane. In other words, the struc- 

tures in figs. 3 and 4 really are fundamentally different, 
in that their concentration and pressure diszributions 

- cumot in general both be made similar, although ow 
or the other can be. But we are not concerned about 
presscre distribution here, we are concerned only with 
solute and volume flow, and eq. ;I) shows that pres- 
sure difference do not explicitly enter the expression 
for solute flux in a given-pore segment. Thus we are 
entitled to compare the upper “submembrane”, be- 
tween concentration s&faces cl and cz in fig.4, with 
a hypothetic21 homoporous membrane having the 
same total volume flow, since the mathematical ex- 
pressions for solute fiux depend only on the variab!e 
jv and not on the pressure distribution. This compar- 
ison shows that the solute flux in the upper submem- 
brane is equal to or greater than the solute flux in the 
hypothetical homoporous membrane, by exactly the 
Same reasoning as was used earlier to prove the lower 
bound for pores in parallel. 

Continuing this line of reasoning for the rest of the 
“submembranes” in fig. 4, we conclude that the same 
lower bound on mlute flux holds for a membrane with 
internal interconnections as holds for one without in- 
terconnections. A simiIar conclusion is reached for the 
upper bound, by the same method. That is, we note 
that the division of the interconnected membrane into 
an array of submembranes establishes that the curve 
of J, versus f, must always be concave upward, and 
that J, + c:J, as J, -L m; the remainder of the argu- 
ment then proceeds as before. 

The generalization of the simple case shown in fig. 
4 should now be apparent. A more complex mem- 
brane is divided into effective submembranes as fol- 
lows. Proceeding downstream from the membrane 
face at cL = c:, we fmd the internal junction point 
with the highest solute concentration; we call this con- 
centration ~2, and pass 2 hypothetical surface through 
all the points in the membrane where the solute con- 
centration is c2_ This splits off the first submembrane. 
We then fmd the junction point downsteam that has 
the next highest solute concentration, call it c3, pass 
a hypothetical surface through all the points having 
concentration c3, and thereby split off the second sub- 

membrane_ Continuing through the membrane in this 
fashion, we eventually divide it into as many submem- 
branes as there are internal junction points having dif- 
ferent solute concentrations, plus one more submem- 
brane, as shown in fig.4 for a membrane with only 
two internal junction points. Once this subdivision is 
made, the rest of the argument proceeds exactly as 
for the membrane of fig.4 

Thus the bounds on solute as a function of volume 
flux hold for membranes with internal connections. 
In our discussion we did not have to be concerned 
with matters such as deadend pore segments, because 
we dealt only with steady-state oper2tion- Our argu- 
ments obviously do not hold for transients, or for 
various other kmds of time-dependent operation. 
Such cases are very much more complicated to anal- 
yze in detail, although a successful analysis would 
presumably yield information on membrane structure 
not available from analysis of just the steady state. 

7. Discussion 

The preceding paper [ 11 answered No to the ques- 
tion, “Can an exact transport equation for solute flux 
across 2n inert porous membrane be written without 
detailed knowledge of the membrane structure?” The 
present paper shows that the answer can be changed 
to Yes if the first few words of the question are chang- 
ed to, “Can a useful approximate transport equation 
*-- “, provided that internal concentration polarization 
does not take place. In cases where internal concen- 
tration polarization occurs, error bounds cannot be 
established without detailed knowledge of membrane 
structure, and D’Arcy’s law for volume flow dues not 
hold. In fact, this last condition can serve as an opera- 
tional test for the presence of internal concentration 
polarization_ 

We have shown, in other words, that solute fiux de- 
pends only weakly on distribution of pore size. it fol- 
lows that for heteroporous membranes solute flux is 
an insensitive probe of structure, unless perhaps the 
latter is rather bizarre. 

A skeptical reader may well ask whether there is 
much practical import in the foregoing detailed anal- 
yses of transport equations based on special micro- 
structural models. After all, it is only demonstrated 
that, save for cases of internal concentration polariza- 
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tion or for very bizarre pore size distributions (condi- 
tions not likely to be found in most synthetic mem- 
branes), a simple exponentia1 function provides a 
close approximation to actual solute flux. The impor- 
tance of the detailed structural approach, in our opin- 
ion, lies principally in exposing the danger of attempt- 
ing to apply simpIified transport equations to predict 
solute flux across biological membranes. Here a highly 
ordered rather than a random distribution of pore 
sizes may be encountered, with discrete sets of pores 
of widely different structures. Under such circum- 
stances not only will the usual equations fail to pre- 
dict solute fIux properly, but measurements of hy- 
draulic conductivity using solutes of different size to 
generate osmotic gradient may lead to widely varying 
results. Of particular importance is the fact that siev- 
ing coefficients may become markedly dependent 
upon the boundary conditions. It should also be ap- 
preciated that across bidlogical membranes, or even 
synthetic membranes of mosaic structure, the condi- 
tion of zero overall f, does not preclude the existence 
of two opposite but equal convective fluxes, a condi- 
tion that can lead to useless values for u. 

Finally, we may justify this primitive attempt on 
our part to construct a detailed (model) theory on 
other grounds. The beginnings of a detailed theory as 
outlined already provide a basis for designing experi- 
ments that allow some inferences to be drawn regard- 
ing the structural make-up of a given membrane, 
which is regarded largely as a black box in many previ- 
ous approaches. 
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